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Objects and models
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GR lensing?

Prof. Albert Einstein Sept. 16, 1936

Institute for Advanced Study

Dear Prof. Einstein:

Last spring an apparently sincere laymen in

science, Rudi Mandl, came into our offices

here in the building of the National Academy

of Sciences and dicussed a proposed test for

the relativity theory based on observations

during eclipses of stars.

We supplied Mr. Mandl with a small sum of

money to enable him to visit you at Princeton

and discuss it with you.
– p.3



GR lensing?

O. Chwolson (1924), “Über
eine mögliche Form fiktiver
Doppelsterne”,
Astronomische Nachrichten,
221, 329
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GR lensing?
F. Link: positions and luminosities of the images formed by a
gravitational lens (16 March 1936 session of the Académie des
Sciences de Paris, Comptes Rendus 202, 917).
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Geometry of the model
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Math of high-fr. elmg. waves

Basic equations – vacuum case: F µν
;ν = 0, "F µν

;ν = 0.

Eα = F αβuβ, "Fµν ≡
1
2εµν

ρσFρσ

An electromagnetic wave is an approximate test-field solution
of the Maxwell equations:

Fαβ = "e
[

uαβ e!S(x)
]

.

A fixed background geometry is asssumed.

Phase S(x) ... rapidly varying function

Amplitude uαβ ... slowly varying function

Wave vector kα ≡ S,α ... paralel transport, null geodesics

kα;β k
β = 0, kαk

α = 0.
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Polarization tensor

Polarization tensor ... Jαβγδ ≡
1
2〈FαβF̄γδ〉

In observer’s rest-frame ... Jαβ ≡ Jαβγδ uβ uδ = 〈EαĒβ〉

Four observables S
A

are obtained by projecting onto a
tetrad, eα(i)

“On the composition and resolution of streams

of polarized light from different sources”

References: [1] Sir George Stokes (1852), Trans. Cambridge Phil. Soc., 9, 399
[2] Chandrasekhar (1950), Radiative Transfer (Oxford: Clarendon)
[3] Cocke & Holm (1972), Nature, 240, 161
[4] Jauch & Rohrlich (1955), The Theory of Photons and Electrons (Reading: Wesley)
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Stokes parameters

S0 ≡ Jαβ

(

eα(1)e
β
(1) + eα(2)e

β
(2)

)

= 〈|E(1)|
2 + |E(2)|

2〉

S1 ≡ Jαβ

(

eα(1)e
β
(1) − eα(2)e

β
(2)

)

= 〈|E(1)|
2 − |E(2)|

2〉

S2 ≡ Jαβ

(

eα(1)e
β
(2) + eα(2)e

β
(1)

)

= 〈E(1)Ē(2) + E(2)Ē(1)〉

S3 ≡ &Jαβ

(

eα(1)e
β
(2) − eα(2)e

β
(1)

)

= &〈E(1)Ē(2) − E(2)Ē(1)〉

S1, S2, and S3 determine the polarization state.

References: [5] Anile (1989), Relativistic fluids and magneto-fluids (Cambridge)
[6] Madore (1974), Comm. Math. Phys., 38, 103
[7] Bičák & Hadrava (1975), A&A, 44, 389
[8] Breuer & Ehlers (1980), Proc. Roy. Soc. Lond. A, 370, 389
[9] Broderick & Blandford (2003), MNRAS, 342, 1280
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Propagation law

Normalized Stokes parameters:

s1 = S1/S0, s2 = S2/S0, s3 = S3/S0.

Degree of polarization:

Πl =
√

s21 + s22, Πc = |s3|, Π =
√

Π2
l + Π2

c .

Propagation through an arbitrary (empty) space-time:

F
A
dSem = F

A
dSobs
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Five transfer functions

The energy shift (gravitational and Doppler)
emitted photons are coming from places with high gravity

photons are emitted from rapidly moving matter
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Five transfer functions

The energy shift (gravitational and Doppler)
emitted photons are coming from places with high gravity

photons are emitted from rapidly moving matter

The lensing effect
the change of solid angle along the light ray

The limb darkening/brightening law
the effect of aberration

The light-time effect
mutual time delays of photons at detector

The change of polarization angle
Polarization vector is parallel transported through
gravitational field
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The shift of photon energy, z
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The shift of photon energy, z
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The shift of photon energy, z
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Lensing effect, Sem/Sobs

−6 −4 −2 0 2 4 6
−6

−4

−2

0

2

4

6

0.01 0.39 0.76 1.14 1.52 1.90

– p.15



Lensing effect, Sem/Sobs
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Light deflection and gravita-
tional lensing: exact formula and
analytical approximations.

In Schwarzschild metric:

δφD = 4
√

r0/(GMΥ)
[

F
(

π
2 ,κ

)

− F (ϕ,κ)
]

≈
4GM

r0
+

7.78097G2M 2

r20
+

17.1047G3M 3

r30
+O

[

(GM/r0)
4] .

Amore & Diaz, Phys. Rev. D73 (2006) 083004
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Emission angle, cos δem
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Light-time effect, δt
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Polarization angle, cosψ
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Wave fronts in a BH spacetime
Schwarzschild metric,

ds2 = −

(

1−
2M

r

)

dt2 +

(

1−
2M

r

)−1

dr2 + r2dΩ2.

Eikonal equation,

−

(

1−
2M

r

)

(ψ,r)
2 +

(

1−
2M

r

)−1

(ψ,t)
2 − r−2(ψ,φ)

2 = 0.

Solved by separation of variables, ψ(t, r,φ) ≡ R(r) + αφ− ωt,

(

1−
2M

r

)

(R′)2 =

(

1−
2M

r

)−1

ω2 − r−2α2.

Wave front: ψ(t0 + n δt, r,φ) = ψ(t0, r0, 0).
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Wave fronts in a BH spacetime

Electromagnetic radiation
does not influence geometry
of the BH spacetime (to first
order).

Wave fronts do not depend on
polarization (in geometrical
optics approximation).

The analogy:
light propagation in a vacuum curved spacetime versus
material media in a flat spacetime.

The effective permeability: µ =
√

1− 2M/r.

Mashoon (1973); Hanni (1977); . . .
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Wave fronts in a BH spacetime
Kerr metric,

ds2 = −
∆

Σ

(

dt− a sin2 θ dφ
)2

+
Σ

∆
dr2 + Σ dθ2

+
sin2 θ

Σ

[

a dt− (r2 + a2) dφ
]2

.

The separation of variables and solution for the eikonal
equation follow from Carter’s solution of the scalar wave
equation,

ψ = R(r) + T (θ) + αφ− ωt.

Wave fronts exhibit the frame dragging effect.
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Example 1: Orbiting spot

Reviews:
• Fabian, Iwasawa, Reynolds, Young,
(2000), “Broad Iron Lines in Active
Galactic Nuclei”, PASP, 112, 1145
• Reynolds & Nowak (2003), “X-rays
from active galactic nuclei: relativistically
broadened emission lines”, Phys. Rep.,
337, 389
• Karas (2006), “Theoretical as-
pects of relativistic spectral features”,
Astronomische Nachrichten, 327, 961
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Example 2: Polarization

Thermal emission from an accretion disc can be polarized
due to scattering in the disc atmosphere.

GR changes the observed polarization at infinity:
rotation of the polarization angle.

We compute the polarization degree and the angle as
functions of

energy (∼ 2–10 keV),

view angle of the observer,

spin of the black hole,

optical thickness of the atmosphere.

Connors, Stark, & Piran
(1980), ApJ, 235, 224

Dovčiak, Muleri, Goosmann, Karas, & Matt
(2008), MNRAS, 391, 32

Li-Xin Li, Narayan, & McClintock
(2009), ApJ, 691, 847
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Thank you!

For further details:

V. Karas et al. (2019), in “Radiative Signatures from the
Cosmos”, ASP Conference Series, Vol. 519, Proceedings of
a conference held at Sorbonne University, Paris, France. Eds.
K. Werner, C. Stehle, T. Rauch, & T. Lanz. San Francisco:
Astronomical Society of the Pacific, p.293 (arXiv:1901.06496)

V. Karas (2006), “Theoretical aspects of relativistic spectral
features”, Astronomische Nachrichten, Vol. 327, p.961
(arXiv:astro-ph/0609645)

S. Britzen et al. (2019), “A cosmic collider: Was the IceCube
neutrino generated in a precessing jet-jet interaction in TXS
0506+056?”, Astronomy & Astrophysics, Vol. 630, id.A103
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